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Abstract

The small-scale effect on the torsional buckling of a double-walled carbon nanotube (DWCNT) embedded on Winkler and Pasternak
foundations is investigated in this study using the theory of nonlocal elasticity. The effects of the surrounding elastic medium, such as the
spring constant of the Winkler type and the shear constant of the Pasternak type, as well as the van der Waals (vdW) forces between the
inner and the outer nanotubes are taken into account. Finally, based on the theory of nonlocal elasticity and by employing the continuum
models, an elastic double-shell model is presented for the nonlocal torsional buckling load of a DWCNT. It is seen from the results that
the shear constant of the Pasternak type increases the nonlocal critical torsional buckling load, while the difference between the presence
and the absence of the shear constant of the Pasternak type becomes large. It is shown that the nonlocal critical buckling load is lower
than the local critical buckling load. Moreover, a simplified analysis is carried out to estimate the nonlocal critical torque for the torsional

buckling of a DWCNT.
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1. Introduction

Iijima first discovered carbon nanotubes (CNTs) in 1991 [1].

Recently, studies have shown that CNTs have excellent me-
chanical and electronic properties because they are made of a
highly ordered sheet of carbon atoms rolled into a tube. Ru [2]
and Ranjbartoreh et al. [3] studied the behavior of a double-
walled carbon nanotube (DWCNT) that is surrounded by an
elastic medium under axial compression. They considered the
Winkler model for the surrounding elastic medium on the
outer tube and the van der Waals (vdW) forces between two
adjacent tubes. Han and Lu [4] investigated the torsional buck-
ling of a DWCNT that is embedded in an elastic medium.
They also considered the effects of the surrounding elastic
medium and the vdW forces between two adjacent nanotubes
in their analysis. Meanwhile, He et al. [S] modeled the vdW
forces for axially compressed multi-walled carbon nanotubes
(MWCNTs). They obtained explicit formulas for predicting
the critical axial strain of a triple-walled CNT using a more
refined vdW forces model. Their analysis of a continuum cy-
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lindrical shell model of MWCNTs using this refined vdW
forces model was carried out to estimate the effects of vdW
interaction between the different layers of a CNT and the size
of a CNT on the vdW interaction. Han et al. [6] examined the
instability of a DWCNT that is embedded in an elastic me-
dium under pure bending by taking into account the vdW
forces between the inner and the outer nanotubes. Wang et al.
[7] studied the torsional buckling of MWCNTSs without con-
sideration of the surrounding elastic medium, while Yang and
Wang [8] studied the torsional buckling of MWCNTSs without
and with consideration of the surrounding elastic medium,
respectively. These authors took into account the vdW forces
from adjacent nanotubes. Yao and Han [9] investigated the
thermal effect on the axially compressed buckling of a
MWCNT. They took into account the effects of temperature
change, the surrounding elastic medium and the vdW forces
between two adjacent layers. Wang et al. [10] conducted an
investigation of the elastic buckling of an embedded MWCNT
under combined torsion and axial loading. They took into
account the radial constraint from the surrounding elastic me-
dium and the vdW forces between two adjacent tube walls. On
the other hand, Sohi and Naghdabadi [11] studied the torsional
buckling of carbon nanopeapods using a continuum-based
multi-layered shell models. These models have taken into
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account considered non-bonded vdW interaction between
nested fullerenes and the inner-most layer of the host nanotube.

At nano length scales, the effects of size become very im-
portant. For this reason, many researchers have addressed the
small-scale effect [12-14]. The theory of nonlocal continuum
mechanics was first introduced by Eringen in 1983 [15]. He
regarded the stress state at a given point as a function of the
strain state of all points in the body, while the local continuum
mechanics assumed that the stress state at a given point de-
pends uniquely on the strain state at the same point.

Ghorbanpour Arani et al. [16] investigated the transverse
vibrations of single-walled carbon nanotube (SWCNT) and
DWCNTSs under axial load by applying the Euler—Bernoulli
and Timoshenko beam models, as well as the Donnell shell
model. They concluded that predictions from the Euler—
Bernoulli beam model and the Donnell shell model have the
lowest and highest accuracies, respectively. In order to predict
the vibration behavior of the CNT more accurately, the current
classical models were modified using the nonlocal theory.
Moreover, they obtained the natural frequencies and ampli-
tude coefficient for the simple supported boundary conditions.
Sadeghi et al. [17] investigated the mechanical stability of
conductive SWCNTSs under applied electric field and com-
pressive loading. They obtained the distribution of electric
charges on the nanotube surface by employing a method based
on the classical electrostatic theory. Their results showed that
in the presence of uniform axial electric fields, the stability of
SWCNTs under compressive axial loading increases. More-
over, they studied the effects of CNT geometry on the me-
chanical stability in electric fields and showed that the in-
crease in the stability of the nanotube depends on the length
and diameter. Ghorbanpour Arani et al. [18] investigated the
torsional and axially compressed bucklings of an individual
MWCNT that has been subjected to internal and external
pressures. They also considered the effects in the small scale
and the surrounding elastic medium. Their results showed that
the internal pressure increased the critical load, while the ex-
ternal pressure tended to decrease it. Ghorbanpour Arani et al.
[19] also studied the pure axially compressed buckling and
combined the loading effects of a cylindrical shell and an in-
dividual SWCNT. They presented the results of the finite ele-
ment (FE) simulations of SWCNT using the ANSYS software
and compared these with the classical (local) and continuum
(nonlocal) mechanical theories. Meanwhile, Mohammadimehr
et al. [20] developed the Timoshenko beam model for the
elastic buckling of DWCNT under axial pressure based on the
theory of nonlocal elasticity. Moreover, they obtained the
governing equations of equilibrium using the force and mo-
ment equilibrium relationships. They compared the Ti-
moshenko beam results with those of the Euler- Bernoulli
beam.

Motivated by this concept, this paper investigates the small-
scale effect on the torsional buckling of a DWCNT embedded
on Winkler and Pasternak foundations. The effects of the sur-
rounding elastic medium, such as the Winkler and the Paster-

nak models, as well as the vdW forces between the inner and
the outer nanotubes, are considered. Finally, a simplified
analysis is also presented to estimate the critical torque for
torsional buckling of a DWCNT.

2. Nonlocal cylindrical shell model

The nonlocal elasticity model was first presented by Erin-
gen in 1983 [15]. According to this model, the stress at a ref-
erence point in the body is dependent not only on the strain
state at that point, but also on the strain state at all of the points
throughout the body. The constitutive equation of the nonlocal
elasticity can be written as follows [15]:

(1—(ea)* Vo, = Cyy €4 » (1)

where Cy, is the elastic module tensor of the classical iso-
tropic elasticity; and o, and ¢; are the stress and strain
tensors, respectively. In addition, e,a is a constant parameter
that showing the effect in the small scale.

Consider a circular cylindrical shell with a middle radius
thickness ¢, Young’s modulus E, and Poisson’s ratio y .
The coordinate system is considered as the origin at the mid-
dle surface of the shell; x and y denote the axial and the
circumferential coordinates of the shell, respectively; and the
z direction is the normal coordinate to the medium surface.

The relationships between the strain and the displacement
can be written as follows [21]:

L
€, :u,x+5w,x —ZW.

oxx

w1
g, = V,y +7 + E W’J:Z —ZW, - (2)

28{‘, =u,, +v, +w, w,, —ZZW,X),
where, the symbols ¢,e,, and e, denote the strain com-
ponents at any point through the shell wall thickness; and
u,v, and w refer to the displacement components of the
middle surface of the shell in the axial, circumferential, and
radial directions, respectively.

Using the principle of virtual work and applying Eq. (2), the
equations of the equilibrium can be obtained as follows [21]:

N, +N,, =0
N,,+N, =0
1 3)
Mx,xx + 2Mxy'xv + My'yv - Ny
: . r
+N, w, 2N w, +N, w, +q(x,y)=0

The stress, in terms of the strain according to the Hooke’s
law via the nonlocal elasticity based on Eq. (1), can be written
for the plane stress state as follows:
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o, —(e,a) Vo, = 5 (e, + ue,)
E
7 (@) Vi, = e ) @
O-xv - (eOa)zvza,x1> = a EXV
| SR

Substituting Eq. (2) into Eq. (4), making them linear and in-
tegrating the resulting expressions yield the following resul-
tant forces and moments:

N, —(ea)’V’N, = g[m,x +u(rv,, +W)]
p )

N, —(e,a)’V’N, = g[(rv,v +w)+pr u,x] (5a)
) yT .

Nx‘y - (e()a)zvz‘]vxy = C (1 _2’u) [u’y +v’x]
M, —(e,a)’V’M, = fD[w +pw.

Sxx sy

M, — (e,a) VZM}_ = 7D[W,yy +yw,ﬁ] R (5b)
Mxy — (eoa)ZVZMXy =—-D(1—p)w

xy

3
2 and D:E‘it2
= 20— 1)

Substituting Egs. (5a) and (5b) into Eq. (3), the governing
equations of the equilibrium can be obtained as follows:

where, C=

1— 1+ w,
u’xx +T‘uu’yv+ #V +.u’7x
: r

=0

>xy

1 1—-
+lium+ H
2 v)

sy

w.
+—2=0
r

v, TtV

2 xx 2y

DV“W—i—iZC(rv,y +w+pru,) 6)
r
~[1= (@) V*|[Nw.,,

=[1— (@) V?]q(x.»)

+2N W, +N,w, |

Sxy

2 2 4 4 4
where sza—2+i2, 4=i4 % i4
ox* Oy Ox ox*dy® Oy
q(x,y) 1is the total inward normal pressure and
(N,,N,,,N,) denotes the total membrane forces.

xy?

For the post-buckling state, the following relations hold:

N, =N,+N,

N,=N,+N, (7a)
N w N 0 +N 1

u(x,y) =uy(x,p) +u,(x, )

v(x,») = v (x, ) +v(x, )

w(x, y) = wy(x,») + w(x,»)

q(x,y) = po(x,») + p(x,y)

(7b)

where the subscript “0” denotes the pre-buckling state, and
the subscript “1” refers to infinitesimal increments of the

corresponding parameters during the buckling. In Eq. (7b),
po(x,y) is the normal pressure prior to buckling, and
p(x,) is the additional normal pressure after buckling.

For the pre-buckling state, the governing equations of the
equilibrium are as follows:

1— 1+ i
Bty +—Evy #0725 = 0

Uy,
2 "2 r
14+ p 1—pn

2 uO’xy +? 02xx +v0’yy +

uO 2xx +

WO’y —0
I

1
DV4W0 +FC("V0W W + pr g, ) ®)
*[1 - (e(,a)z Vz} [Nxowo sxx +2nyowwxy ‘I‘N',,(,W(,,W]
=1 (e V*| py (x.3)

Substituting Egs. (7a) and (7b) into Egs. (6) and applying Egs.
(8), as well as ignoring the rotation angles at the pre-buckling
status, w,,, and w,,, , and the high-order small quantities
due to the post-buckling deformation N, w,. ., N,w,,,
and N _,w,  [9]. As a result, after buckling, the governing

equations of the equilibrium can be written as follows:

1— 1
R e e RV ©a)
2 ’ 2
I+p l—p Wiy
2 ul’xy + 2 12xx +V1 2y + r =0 (9b)
1
DV'w, + = COvy, +w +pru,,)
2 )
_[1 - (eoa)2 Vz] [NXOWI oxx +2ny0wl oxy +Ny0w1 ’)ry] (90)

=[1- (@)’ V?] p(x,»)

The steps for the decoupling of Egs. (9a), (9b) and (9c) are
shown in Appendix A. As a result, the governing equations of
the equilibrium can be written as:

V4Ml - £ Wl’xxx +lwl’x/u
o o=
o
V4Vl =W 2 xxy W 2 yyy
r
1—p?
DVSWI + 2 CWI 2 X000
r
—[1= (@) V?|V* [N Wi 42N Wi +N,owi,, | (10b)

=[1-(qa)V’|V*p

Replacing w,(x,y) with W(x,y), Eq. (10b) can be simpli-
fied as follows:

v 4! *2“2 aw,..
r
—[1= () V*|V* [N, ¥

=[1— (@)’ V*|V*p

2N . AN WL (1)

IxXX xy0"" oxy
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Elastic medium

The outer tube

7 The vdW force
The inner tube
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< X

The vdW force T

Elastic medium

oW L

Fig. 1. A DWCNT embedded in an infinite elastic medium with load-
ing configuration.

Eq. (11) can be used to analyze the axial compression,
bending, torsion, and radial compression buckling of cylindri-
cal shells surrounded by an elastic medium.

The effects of the surrounding elastic medium, such as the
spring constant of the Winkler type and the shear constant of
the Pasternak type, on the critical buckling load is considered
as the following [22]:

F =KW —GVW , (12a)
where K is the foundation modulus (the spring constant of
the Winkler type), and G is the shear modulus of the founda-
tion (the shear constant of the Pasternak type) that are deter-
mined by the material properties of the elastic medium and the
radius of the outer tube.

The non-dimensional parameters can be defined as follows
[22]:

_ K- 2
= V(Etu)
, (12b)
g 9d=pr)
Et

where 7 is a non-dimensional foundation modulus, and G
denotes a non-dimensional shear modulus.

Fig. 1 illustrates a DWCNT embedded in an infinite elastic
medium with loading configuration. This figure shows a
DWCNT of the outer radius #, the inner radius 7, length
L, and thickness ¢ .

The vdW force between two carbon atoms can be described
by the Lennard-Jones model. For the outer tube, which is de-
noted by the subscript “1,” the normal pressure p, can be
considered as follows:

P :p1V+p1W7P’ (13)

where p” is the vdW force between the inner and the outer
tubes, and p,”-" denotes the interaction pressure due to the
elastic medium.

For the inner tube denoted by the subscript “2,” the normal
pressure p, is as follows:

p=p (14)

It is generally known that the interaction forces between the
inner and the outer tubes are equal in magnitude and are oppo-
site in sign; therefore, this can be illustrated by the following:

p ey =—p" (x, ), (15)

where 7 and r, are the radii of the outer and the inner tubes,
respectively.

The pressure caused by the vdW forces at any point (x, y)
on the outer tube is assumed to be a function of the distance
6(x, y) between the inner and the outer tubes at that point [4]:

P (x,y)=g[o(x,»)], (16)

where g(6) is a nonlinear function of the intertube spacing
6. In the pre-buckling situation, (x,y)=¢,; therefore, we
can obtain the following:

P (x,3)=g(&) (17)

where p,, (x,y) is the vdW force of the outer tube prior to
the buckling, which is defined as the value of g at the initial
interlayer spacing ¢, between the inner and the outer tubes.
After buckling, the pressure caused by the vdW force at any
point (x,y) on the outer tube in the present linearized analy-
sis is obtained from the following [4]:

()= p +C (x5, y) =W (x, )] (18a)

Substituting Eq. (18a) into Eq. (15) yields the Eq.presented as:

r *
p ey =—tp +CWEn-MmEnl}, (180
2
where C” is a constant [2,4] defined as follows:
c=% (18¢)
déls_s,

The interaction pressure due to the elastic medium on the
outer tube p,” " can be given in the following form:

w—

D P:p10W7P7F» (19)

where p,,” 7 is the interaction pressure prior to buckling.
Substituting Eq. (12a) into Eq. (19) results in the following
expression:

=" KW () + GV (x,p) (20)
(after buckling K >0 and G>0)

where K is the spring constant of the Winkler type, and G
denotes the shear constant of the Pasternak type.

Using Eq. (11), the governing equations of the equilibrium
for the outer and the inner tubes are written as follows:
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1-

DV, +—1 " cw,

12 xxxx
1

7[1*(6(]&) \Y% ]v [2 xy01 l’u +N)01W

1oy

= [17 (e,a)*V }
@1
DVSW +1 /L CVVZ’XYXY
2
~[1= (@)’ V* |V* [2N o ¥, +N, s,

=[1- (@) V*|V*p,

Moreover, N, =—N,, and N _, =N ., =N_, [4].
The total torque applied to the two ends of a DWCNT is as

follows:

T=T+T, (22a)
where, 7, and 7, are the torque applied to the outer and the
inner tubes, respectively. Assuming that the shear membrane
forces in each layer of a DWCNT are identical, the following
relations can be written:

1 T

=N =1
xy02 2 2
7 2?27y,

N

xy01

(22b)

Substituting Eqgs. (18a), (18b), and (20) into Egs. (13) and (14),
and by applying Eq. (21), the governing equations of the equi-
librium for a DWCNT are obtained as follows:

2

1—
2w,

12000
1

—2N,[1 - (ea)* V* |V,

DV'W, +

xy

N, [1= (@) V| VW, = (23a)
C [1=(eay V2| V',
-(c +K)[1 —(e,a)’ V* |V*W, + G[1 - (e,0)’ V* | VW,
DV, + 121 “ cw,,..
2
_ _ 2 2 4
2N, [1- (@) V2| VW, 23b)

)02[ (eoa) \% ] zu)

C 1= (o0 V2 |(V*W, — V¥,
)

In Egs. (23a) and (23b), the effects of the Winkler and Paster-
nak foundations, the small scale, and the pre-buckling vdW
force are considered.

The buckling modes are assumed as

i(x.9) = Asin( = —20)
e (24)

W,(x,) = 4, sin(%x -

n

where A (i=1,2) are real constants, L is the length of
DWCNT, and m and n are the axial half and the circumfer-
ential wave numbers, respectively.

Eq. (24) satisfies the simple supported boundary conditions
and the governing equations of the equilibrium.

Substituting Eq. (24) into Egs. (23a) and (23b) yields the
following equations:

LW, +L,W,=0

(25a)
LW, +L,W,=0
Eq. (25a) can be written in the following matrix form:
Lll L12 I/Vl — 0 (25b)
L21 L22 VVZ O

In order to obtain a non-trivial solution for Eq. (25a), it is nec-
essary to set the determinant of the coefficient matrix in Eq.
(25b) to zero:

LyLy—LyL,=0 (26)
Solving Eq. (26) yields the critical buckling load of the
DWCNT for different wave numbers m and » . The effect of
small scale, i.e. the ez term in the constitutive equation (Eq.
(1) was first introduced by Eringen [15]. Therefore, the critical
buckling load, which is obtained using the small-scale effect,
is called the nonlocal critical buckling load. Moreover, if the
effect of small scale is set to zero (e,a=0), the resulting

critical buckling load will be called the local critical buckling
load.

where, L, L,, L, ,and L,, in Eq. (26) are given by the
following:
2
Ly =D|(" )+() STy
1

{21\’00( )( )+NL02( )}

it (e (”’Zr

mmw ., N,
) +(r])

X

(T) + (7[)

" } (27a)

+{(C*+1<)+G

mm ., N
(T) +(r|)

(%)2 + (f)zl 1+ (ea)?

|

2

w| T o ny
*C(L)+(rz)

(27b)
X {1 + (e | (5 4+ (22 }
L 7
L,=-C'1 (%)2 +( &y
& i (27¢)

X {1 + (eoa)2

mm n.2
(T) +(rl)

|
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4

11—y mm,
+ C(—
(L)

L,=D

2
2

mmy, N
(T) +(r2)

D +C L4 N, (- )] (27d)

2 2 2

{ 2Nx10(

) |(PEy 4 (Ly? 11 +(e,a)’
L 7

M, N
(T) +(r2)

|

In this section, the critical buckling load of a DWCNT sub-
jected to torsional load was investigated. For long radius of
CNTs, the difference between the inner and the outer radii
should be much smaller than the radius of the DWCNT: it can
be assumed that the following is true [4]:

3. Simplification and discussion

PP (28)

Substituting Eq. (28) into Eq. (26), an explicit expression for
the nonlocal critical shear membrane force can be given as
follows:

N.xyo: ml n x 1 2 {DAZ}
Z(Tﬂ)(*) 14 (ea)” x4
B
1 ! - {1_2’“‘2 c(””r)“xlz}
mm. ne 14 (ea) XA| r L A
2( i )(r) 0
, (29)
+;{C*+1§+G A]
(=))

ZJ

‘mi[\/c +[_§‘§A+N}-°z(ﬁ)z
2" r

where 4 =% + (2.
L r
By definition, m = mrr Eq. (29) can be written as fol-
lows:
—2 25\2
N, = B2 )
- r 2mn
—3
Bla = u? Cmi
(=4 2n(in* 4 n*)?
30
L e KL G 0
2mn 2 2 r
r? N K G(m +n) ’
T C”+|—- 7+N‘02( )
mn 2 2 r
1
where B = = p
1+(60a)2(’7’7+2”)

The above equation is the most complete formula for the
torsional buckling of a DWCNT because both the small-scale
effect and the effect of the surrounding elastic medium, in-
cluding the Winkler and Pasternak models have been consid-
ered in its development.

3.1 In the absence of the vdW forces with C" =0

In this section, the critical buckling load of a DWCNT sub-
jected to torsional loading in the absence of vdW forces
(C*=0) was investigated. In this state, the inner tube be-
haves as an SWCNT. Taking K and G >0 after buckling,
the nonlocal critical buckling load can be derived using Eq.
(30):

D (i +n*)’ 2 i’
N ,=Bl5——7—+1—p ) C——F——=
o ¥ 2mn (=n) 2n(m* + n*)?
z 31)
LT {mg(’"“‘)}
2mn r

It can be seen clearly in Eq. (31) that the surrounding elastic
medium increases the nonlocal critical buckling load of the
outer tube. Moreover, for K >0 and G=0 the following
relation holds using Eq. (31):

—2 252 773
Nop = B e O s
(32
2
,

+ K

2mn

Comparing Egs. (31) and (32), one can find that the surround-
ing elastic medium, considering the shear constant of the
Pasternak type, increases the nonlocal critical buckling load of
the outer tube with respect to that which is equal to zero.

3.2 Effect of the surrounding elastic medium

In this section, the effect of the surrounding elastic medium
on the critical buckling load was investigated. The following
inequality universally holds:

K G@m +n .
EREAr B S

(33)

The above inequality can be rewritten as follows:

{c +K+G(m +n%)
] (34)

2 2 r’
K G(m +n)

—C? |-
2 2
* n
>C" — /C2+N2y02(;)4

+N)02( )
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The nonlocal critical buckling load of a DWCNT in the ab-
sence of the surrounding elastic medium with K =0 and
G =0 Yyields the following:

2 ( i+’ )2 e

+(1-pH)C————
P 2imn A=) 2n(in” +n*)

2
+2C 10*— /C*2+N2y02(n)4’
mn r

Using Eq. (34), it can be shown that the nonlocal critical buck-
ling load given by Eq. (30) is higher than that predicted by Eq.
(35). It can thus concluded that the surrounding elastic me-
dium increases the nonlocal critical buckling load of a
DWCNT.

N

xy0—nonlocal —

(33)

3.3 In the absence of the surrounding elastic medium and
the vdW forces with K=0, G=0,and C =0

In this section, the nonlocal shear membrane force in the
absence of the vdW force and the surrounding elastic medium
was studied, with the inner tube behaving as a SWCNT. The
nonlocal critical buckling load is given by the following:

B 2('712 +n2)2 e

N, +1-pHC————
(=4 211(1712—5—112)2

xy0—nonlocal — 2 —
r 2mn

(36)

The small-scale effect is clearly seen in the above equation,
which describes the nonlocal critical buckling load for a
SWCNT.

Ignoring the small-scale effect in Eq. (36) yields the follow-
ing local (classical) critical buckling load:

2(ﬁ2+n2)2 R

N, = HU= s (37
xy0—local V2 2imn ( M) 2n(rﬁz+n2)2 ( )

For the long cylinders, the shell buckles in two circumferential
waves, i.€., the smallest values of N _, correspondto n=2.

72(}'712«#4)2 i

N +(1-pHC———
(=n) A(m* + 4y’

x0—local — 2 —
v r 4m

(39)

For long cylinders, n* << 4. Thus, approximately, the local
buckling load is written as follows:

4D m’
Nootoca = 7 +(1- Mz)Ca (39)

Setting dN,,,/din =0 yields the following:

64 1,
=) (40)

Substituting Eq. (40) into Eq. (39), the minimum local critical
buckling load was obtained as follows:

Nva—lamI—cr = 0272 & 1)3/2

— =L 41
—/112)3'4(7’ ( )

For 7, =N, o't the following relation was obtained:
E t
T, =0272— " (=) (42)
A=y
For = 0.3, Eq. (42) becomes the following:
7. =0292E(L)" 43)
r

4. General discussion

The effects of the surrounding elastic medium and the small
scale of the nonlocal critical buckling load under torsional
loading for a DWCNT were investigated. Using Eq. (12b),
one can find the value of G as follows:

G G
—= 44
o K “9)
Therefore, the following holds:
G=Kr g (45)
m

The mechanical properties of DWCNT, the surrounding
elastic medium, and the small-scale effect can be considered
as follows [3, 23]:

1, =1.02nm,r, = 0.68nm, E =1Tpa (6)
t =0.34nm, = 0.3,C" =9.91866693 x10"° N / m’
The e, was chosen to be equal to 0.39 [15], and the value
of parametera , the length of a C-C bond, was chosen as
0.142nm ; therefore, e,a is equal to 0.05538 . According to
[22], G and i should be of the same order; hence, substi-
tuting Eq. (46) into Eq. (12b) yields the following:

I = 0.0055648 47)
and
G = 0,0.0055, 0.0085 (48)

Substituting Egs. (47) and (48) into Eq. (45), the following
parameter was obtained:

G=0,2.071273,3.201058 N /m 49)

Fig. 2 shows the local critical buckling load under torsional
loading versus the axial half sine wave number for the circum-
ferential sine wave numbers of 1, 2, 3 and 4. It can be ob-
served from the results that the obtained critical buckling loads
for the values of the axial half and the circumferential sine
wave numbers are equal to 4 and 2, respectively.

Meanwhile, Fig. 3 illustrates the local and the nonlocal crit-
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Fig. 2. The Local critical buckling load versus the axial half sine wave
number for L/ =10, K =8.9995035x10'" N/m*, N, =2N/m,
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Fig. 3. The small-scale effect on the torsional buckling load for
n=2, L/5=10, K=89995035x10"" N/m’, N, =2N/m, G=
2.071273N /m.

ical buckling loads under torsional loading versus the axial
half sine wave number for the circumferential sine wave num-
ber of 2 (n=2). It can be seen from this figure that the
nonlocal critical buckling load is lower than the local critical
buckling load. The difference between the local and the
nonlocal critical buckling loads increases along with the in-
crease in the half axial sine wave number.

Fig. 4 describes the effect of the surrounding elastic me-
dium such as the spring constant of the Winkler type on the
nonlocal critical buckling load for a DWCNT. It can be ob-
served that the nonlocal critical buckling load increases with
increasing the spring constant of the Winkler type ( K ).

Fig. 5 shows the effect of the surrounding elastic medium,
such as the shear constant of the Pasternak type on the nonlo-
cal critical buckling load for a DWCNT. It is concluded that
the nonlocal critical torsional buckling load increases by in-
creasing the shear constant of the Pasternak type ( G ). More-
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Fig. 4. The effect of the spring constant of the Winkler type on the
nonlocal critical buckling load for n=2, L/n =10, Ny, =2N/m,
G =2.071273N /m, eya = 0.05538 nm.
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Fig. 5. The effect of the shear constant of the Pasternak type on the
nonlocal critical buckling load for n=2, L/1 =10, K =8.9995035x10'7
N/m?, N,gp =2N/m, ega=0.05538 nm.
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Fig. 6. The effect of the vdW force of prebuckling on the nonlocal
critical buckling load for n=2, L/5 =10, K =8.9995035x10'" ,
N/m’, G=2.071273N/m, ega = 0.05538 nm.

over, the difference between considering and not considering
the Pasternak foundation is significant; as a result, the effect of
this parameter cannot be neglected in the formulations.
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Meanwhile, Fig. 6 depicts the effect of the vdW force prior
to the buckling on the nonlocal critical buckling load. It can be
seen that the nonlocal critical buckling load decreases with
increasing pre-buckling vdW (N , ).

Fig. 7 shows the nonlocal critical buckling load under the
torsional loading versus the axial half sine wave number for
aspect ratios ( L/1, ) of 5, 10, 20, and 30. It can be seen that the
nonlocal critical buckling load decreases with increasing as-
pect ratios. Moreover, the nonlocal critical buckling load is
nearly constant for high aspect ratios.

5. Conclusions

Using the continuum cylindrical shell model, the small-
scale effect on the critical torsional buckling load of a
DWCNT embedded on Winkler and Pasternak foundations
was investigated. The effects of the surrounding elastic me-
dium, such as the spring constant of the Winkler type and the
shear constant of the Pasternak type and vdW forces between
the inner and the outer nanotubes, were taken into considera-
tion. The obtained results showed that the local critical buck-
ling load was higher than the nonlocal critical buckling load.
On the other hand, it was observed that the critical buckling
load increased with increasing axial half sine wave number
(m), and that the difference between the nonlocal and the
local buckling loads increased at high axial half sine wave
number. As a result, the small-scale effect on the torsional
buckling load should not be neglected. Generally, the nonlocal
critical bucking load increases in the presence of the surround-
ing elastic medium, including the Winkler and Pasternak
foundations. In addition, the effect of the spring constant of
the Winkler type ( K ) becomes less than the shear constant of
the Pasternak type ( G ). In this study, it was observed that the
shear constant of the Pasternak type increased the nonlocal
critical torsional buckling load, while the difference between
the presence and the absence of the shear constant of Paster-
nak type becomes large. According to the results, the nonlocal

critical torsional buckling load decreases with increasing the
vdW force of pre-buckling. Finally, a simplified analysis was
also presented to estimate the nonlocal critical torque for tor-
sional buckling of a DWCNT.

The results of this research can be used for studying the tor-
sional buckling behavior of a DWCNT embedded on Winkler
and Pasternak foundations.
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Appendix

Egs. (9a), (9b), and (9c) were decoupled in the following
manner:

1. By differentiating Eq. (9b) with respect to the independent
variables x and y, the Eq. (9b) can be written as fol-
lows:
1+ p 1—p

w,
Dyy
3 u,,XW.Jr—Z Vissoy TV + . =0

(AD)

2. The following Eq.was obtained by differentiating Eq. (9a)
with respect to the independent variable x twice:
1—n 14+

2 2 Vl 2 xyxx (Az )

w,
Do
ul’xu'x + ul’yyxx + +U » - 0

3. The governing Eq.of the equilibrium can be written as the
following by differentiating Eq. (9a) with respect to the in-
dependent variable y twice:

1—
Jlon

ul 2 xxyy 2

1+
e

ul 2y 2

W, 2y
2=
r

(A3)

vl 2xyyy

4. Using Egs. (A2) and (A3), the following equations were
obtained:

_2 — ,U, W 2 Xxx

Vl 2 xXyxx = 1 + y {ul 2 XxXxXx + 2 Z’ll 2 yyxx +//L17 > and (A4)
-2 1—p Wisagy

M Xy = 1 + 1 lul 2 xxyy + 2 U, > yyyy +:u r}] (AS)

5. Substituting Egs. (A4) and (A5) into Eq. (A1) and simpli-
fying the results yield the following equation:

4 M 1
\% U = _7W1 > xxx +;Wl’xyy

(A6)

6. Similarly, by differentiating Eq. (9a) with respect to the
independent variables x and y, this can be written as the
following:

1—p 1+ p
2 ul 2 yyxy + 2

Wl 2 xxy

U  xxxy + Y S xyxy +N’ =0 (A7)

7. Differentiating Eq. (9b) with respect to the independent
variable x twice yields the following equation:

1+ 1=
B = Ve

Upsyy, A8
2 12 xyxx 2 ( )

wl dyxx 0
r

8. Differentiating Eq. (9b) with respect to the independent
variable y twice yields the following equation:

I+ p 1—p
Ty Uyssgyy T Ty Viswgy FVigy

Wiy =0

(A9)

9. Rearranging Egs. (A8) and (A9), the following equations
were obtained:

-2 |1— Wis e
ul 2 xyxx = JVI 2 Xxxx +vl 2 yyxx +17J > and (AIO)
’ I4+p| 2
-2 ([1—pn Wis
ul 2Xpy = 1 + i \ 2 Vl 2 xxyy +V1 2 yyyy + }’:‘ : ] (Al 1)

10. Substituting Egs. (A10) and (A11) into Eq. (A7) and sim-
plifying the results yield the following equation:
241 1

Vi = W, =W, (A12)

11. By differentiating operator V* of Eq. (9¢), the following
Eq.was obtained:

DV*w, + F—IZC(VV4 Vis, +Viw, 4 pr Vi)
7[1 - (e()a)z Vz] v4 [NXOWI oxx +2ny0W1 oxy +NV0W1 ’yy] (A13)
=[1- (0’ V|V p(x,)

where v4():@+2 90 6“().
ox* ox’oy* oy’

12. Substituting Egs. (A6) and (A12) into Eq. (A13), the gov-
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erning Eq. of the equilibrium can be written as follows:
2

DViw, +

2 Cwl 2 xxxXx
r

*[1 - (eoa)zvz]v4 [Nxowlm +2nyOW1’xy +NyOWl’yy]
=[1-(qa)V’|V'p

(Al4)
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